Geometric reasoning about damped and forced harmonic motion in the complex plane Am. J. Phys. 83, 794 (2015) A general solution is derived for the differential equations of forced oscillatory motion with both linear damping ($v) and nonlinear damping ($v 2 ). Experiments with forced oscillators are performed using a flat metal plate with a drag force due to eddy currents and a flat piece of stiffened cardboard with a drag force due to air resistance serving as the linear and nonlinear damping, respectively. Resonance of forced oscillations for different damping forces and quality factors is demonstrated. The experimental measurements and theoretical calculations are in good agreement, and damping constants are determined.
I. INTRODUCTION
Forced oscillatory motion occurs in a broad variety of engineering applications, [1] [2] [3] [4] and such a system can give rise to resonance, among other phenomena. Adding different kinds of damping forces to a forced oscillation provides an experimental realization to many real applications. In a linear drag force experiment, the force can be generated by eddy currents in a flat metal plate oscillating between two permanent magnets based on Faraday's law. Eddy currents are an intriguing topic in introductory physics that have many applications, ranging from braking on maglev trains and roller coasters to detecting counterfeit coins in vending machines. [5] [6] [7] [8] An oscillation damped by a constantmagnitude force has also been investigated theoretically and experimentally before, 9 and we have discussed oscillations under linear as well as constant and nonlinear drag forces in a previous report. 10 Air resistance is one way to create a nonlinear damping force. In general, nonlinear systems have received increasing attention in the past few decades, and there has been a lot of work on systems with nonlinear restoring forces. Prosperetti theoretically discussed the forced, steady-state oscillations of weakly nonlinear systems with particular emphasis on ultraharmonic and subharmonic models. 11 Janssen et al. used a mass-spring system with a nonlinear restoring force; 12 they experimentally demonstrated the resonance effect of an anharmonic oscillator and explained the typical behavior of the observed jump phenomena and the phase lag. Pecori et al. described how Atwood's machine was suited for investigating harmonic and anharmonic oscillations and exploited the buoyancy force acting on a body immersed in water. 13 In all these reports, the nonlinearity is in the form of higherorder displacement terms without nonlinear damping. The differential equation for such a nonlinear oscillator is described by the well-known Duffing equation.
14 The solution of this equation proceeds by applying perturbation techniques, such as the Lindstedt method and the method of multiple scales. 15 In addition, nonlinear oscillations with a piecewise linear restoring force have been discussed, 16, 17 as has a mass-spring system subject to static and kinetic friction forces. 18 The oscillations of one-and two-mass system were further measured and analyzed using fast Fourier transforms 19 and the nonlinear characteristics of aerodynamic forces were discussed. 20, 21 The force that frequently dominates in such a situation is either air resistance or sliding friction. Both of these forces involve a nonlinear dependence on velocity. [22] [23] [24] [25] It is therefore of interest to determine how a forced oscillator is affected by incorporating different types of resistive forces. In general, it is difficult to obtain an exact analytical solution for motion of a forced oscillator with nonlinear resistance. Thus, one is faced with the problem of finding an approximate solution that still describes the situation at hand.
In this study, forced oscillatory motion and resonance behavior under linear and nonlinear damping forces are experimentally investigated and good agreement with theoretical (approximate) solutions is obtained. Such an experiment can provide a nice method of introducing forced oscillations with different damping forces to students.
II. DESCRIPTION OF THE SETUP
Two setups were used in the study to produce forced oscillations with linear and nonlinear damping forces. Schematic diagrams and a lab photo of the setup are shown in Fig. 1 .
For linear damping [ Fig. 1(a) ], a flat 28-gauge galvanized metal plate (45 cm Â 15 cm) is attached to a cart on an air track (PASCO SF-9214) that is connected to springs (PASCO ME-8999) at both ends. Each spring has a force constant of k ¼ 6:8 N/m, a length of 8.33 cm and is operated within the elongation limitation without appreciable deviations from Hooke's law. The metal plate is oriented vertically with its normal vector perpendicular to the motion of the cart, and two round permanent magnets (6.0 cm in diameter and 1.2 cm in thickness) are placed facing the plate on both sides. The magnets are located with a center-to-center separation of either 9.0 cm or 11.8 cm, producing a magnetic field strength of 139 mG or 100 mG, respectively, at the center of the magnets. One spring is connected to the end of the air track and the other is connected to a sinusoidal motion rod operated by a mechanical oscillator (PASCO ME-8750). The motion rod leads to a displacement of x f ¼ x a sin xt, where x a ¼ 2:00 cm is the amplitude of the driving rod and x is its angular velocity. The driving frequency can be adjusted from 0.3 to 3 Hz using a dc power supply. The position of the cart is measured using a sonic motion sensor (PASCO, PS-2103A), and data are collected at a rate of 50 Hz. In the linear damping experiment, we assume air resistance is negligible, since the air resistance is estimated to be very small (<100).
For nonlinear damping [ Fig. 1(b) ], the metal plate and magnets are replaced by a flat piece of stiff cardboard oriented vertically with its normal vector parallel to the motion of the cart. Two sizes of cardboard are used to provide stronger and weaker air drag: 48 cm (L) Â 28 cm (H) and 20 cm (L) Â 13 cm (H).
III. THEORY OF FORCED OSCILLATIONS A. Forced oscillations with linear damping
For a forced oscillator with linear damping, as shown in Fig. 1(a) , the net force on the oscillator is given by
where x is the displacement of the cart from equilibrium and b is a non-negative damping constant. Using this force in Newton's second law F ¼ ma leads to an equation of motion
where
A previous study presented a solution to the damped oscillator problem in the presence of linear or nonlinear frictional forces. 10 The solutions relied on the assumption that the damping force does not change the amplitude of oscillation appreciably within a single oscillation. We also assume that the external periodic force is much greater than the damping force over most of the oscillations so that the solution to the forced oscillator problem still becomes sinusoidal at late times with the same frequency as the driving term. With small values of b, this assumption is verified by numerical calculations or by experimental observations. Thus, we assume that for times large enough for friction to have eliminated any memory of the initial position or velocity, that
where x 0 is the amplitude of the steady state oscillation and a is the phase angle of this oscillation relative to the driving term.
On substituting the approximate solution given by Eq. (3) into the equation of motion, we obtain
which is satisfied for appropriate choices of x 0 and a. Multiplying both sides of this equation by sin ðxt þ aÞ and integrating over a complete period, we find
If instead we multiply both sides of Eq. (4) by cos ðxt þ aÞ and integrate over an integer number of periods, we find
Solving Eqs. (5) and (6) simultaneously, we obtain the approximate solution given by Eq. (3), with
and tan a ¼ À bx
The amplitude x 0 of the forced oscillation as a function of frequency, as given by Eq. (7), is referred to as a resonance curve under linear damping; this curve has its maximum value at the resonance frequency x 0 . We will use the approximate solution given by Eqs. (3), (7), and (8) to determine the damping constant b when considering a linear damping force.
B. Forced oscillation with nonlinear damping
For a forced oscillator with nonlinear damping, as depicted in Fig. 1(b) , we can also derive the resonance curve 
with the corresponding equation of motion
As before, we multiply both sides of Eq. (11) by sin ðxt þ aÞ and integrate over a complete period to obtain
while multiplying both sides of Eq. (11) by cos ðxt þ aÞ and integrating over an integer number of periods gives
Solving Eqs. (12) and (13), we find
where D ¼ ½1 À ðx 0 =xÞ 2 2 , and
Equation (14) is referred to as a resonance curve under nonlinear damping. We will use the approximate solution given by Eqs. (3), (14), and (15) to determine the damping constant b when considering a nonlinear damping force.
IV. RESULTS AND DISCUSSION

A. Forced oscillation with linear damping due to eddy currents
Using the metal plate and magnets, as discussed earlier and shown in Fig. 1(a) , will lead to a linear damping force due to eddy currents in the metal plate. By changing the driving frequency, the resonance curve can be constructed as follows. We begin the experiment with both x ¼ 0 and dx=dt ¼ 0, and after some time the system eventually reaches a steady-state motion that is independent of the initial conditions. Figure 2 shows an example of the steadystate motion, with t ¼ 0 chosen to be 10 minutes after the experiment was started. The solid curve in Fig. 2 , contributing one data point for the resonance curve. Repeating the measurement at different frequencies, a resonance curve can be constructed. Figure 3 shows two resonance curves obtained using different magnetic field strengths. The solid curves in Fig. 3 are obtained by fitting Eq. (7) to the experimental data, and correspond to magnetic fields of (a) 100 mG and (b) 139 mG. In theory, the resonance frequency can be calculated using
and is independent of the damping. Thus, the theoretical value of the resonance frequency is x 0 ¼ Fig. 2 . The steady-state behavior of a forced oscillator damped by eddy currents. The circles represent experimental data and the solid curve is the fitting function x ¼ x 0 þ A sin ðxt À u 0 Þ. The fitting parameters provide the amplitude A at a specific frequency x, thus contributing one experimental point in the resonance curve (see Fig. 3 ). Fig. 3 . Resonance curves for a forced oscillator damped by eddy currents. The markers are the experimental data and the solid curves are the best fits using Eq. (7). Curves a and b correspond to the weaker and stronger magnetic fields, respectively. For clarity, 5 cm is added to the amplitude of curve a. These values demonstrate the close proximity between the theoretical calculation and the experimental data. We also used two additional independent methods to confirm the damping constant b and the resonance frequency x 0 .
First, further investigation is done on the approximation of the theoretical solution in Eqs. (7) and (8) . For the weaker magnetic field, we provide an initial displacement with no driving force and measure the position of the cart as a function of time (see Fig. 4 ). The general solution for oscillations damped by eddy currents has been discussed in detail in earlier studies. 10 Fitting the solution Table I .
Second, the damping constant b is proportional to the square of the magnetic field. If we consider the ratio of the damping parameters for the strong and weak magnetic field experiments, we have b b =b a ¼ 0:38=0:20 ¼ 1:90. Using the data in Table I , we see that the ratio of the squares of the magnetic fields is 1.93. Thus, these ratios are quite close in value, with a percentage error of less than 2%.
B. Forced oscillation with nonlinear damping due to air resistance
The metal plate is now replaced by rectangular cardboard sails, as shown in Fig. 1(b) , to create a nonlinear damping force. A representative steady-state oscillation using the larger sail is shown in 
The fitting parameters provide the amplitude A at a specific frequency x, thus contributing one experimental point in the resonance curve (see Fig. 6 ). Fig. 6 , the resonance frequencies have a deviation of 5.3% for the larger sail and 1.5% for the smaller sail. These relatively large errors could be the result of turbulent airflow around the edges of the cardboard. Figure 6 also shows a narrower bandwidth with higher quality factor for the smaller sail in comparison with that of the larger sail. Correlation coefficients for both cases are greater than 0.99 and reduced chi-squares are 0.94 and 0.82 for the smaller and larger sails, respectively.
The damping constant and resonance frequencies can be further verified by look at damped oscillations with no driving force. Figure 7 illustrates this situation for the slider cart with the larger sail. The solution of the damped oscillator with air resistance and no driving is given by
which is used as a fitting function and plotted as the solid curve in Fig. 7 . Extracting from the curve fit yields b 0 ¼ 1:25 s The consistency between the two approaches demonstrates that Eq. (14) is a good approximation for the resonance curve of forced oscillations with nonlinear resistance. The results for oscillations damped by air resistance are summarized in Table II .
V. CONCLUSIONS
Forced oscillatory motions with linear and nonlinear drag forces have been investigated using a metal plate experiencing eddy currents and using cardboard sails that give rise to air resistance. Approximate steady-state solutions are derived from the equations of motion and fitted to the experimental data. Both resonance frequencies and damping constants are found from the fits and independently verified by measuring the motion of damped oscillations with no driving force. The theoretical results agree very well with experiments, making this a nice project for undergraduate students. Fig. 7 . Decay of an oscillator damped by air resistance with no driving force for the larger sail. The circles represent the experimental data, and the solid curve is the best fit using Eq. (17) . The two insets provide additional detail. 
